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so0 that, near the value of Q = Q,or Q = Q.,
By/B, < (5*%/2)1/ (6.48)

The foregoing solutions do not hold in the region where the
conditions (3.7, 3.8, 3.8a, 6.16, 6.17, and 6.17a) are not
satisfied. A few remarks are added to these conditions. The
region where the condition (3.7) does not hold is contained in
the region where the OHD-MHD type of solution exists, since
it exists in the region @ < Qs, and 5* — 2-3*Q = 0 means
that

Q = 5%/2.3% = @ — (Q. — ()/3*
When @ = 5*/2-3%, one has
(6.49)

by (2.10). Namely, when the Alfvén velocity and the sound
velocity are the same in the undisturbed flow, the solution
may be singular. However, there is no singularity when the
Alfvén velocity is equal to the freestream velocity. The
condition (3.8) concerns the solution when two shock waves
coalesce. When z = 4*, one has @ = 5%/2:3%* from (6.26), so
that (3.8a) is involved in (3.7) in the region of the MHD-

o = €
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OHD type of solution. This condition is not equal to (3.8a) in
Q > Q.. Conditions (6.17) and (6.17a) are always satisfied,
which is easily verified in Fig. 4. The regions avoided by the
conditions (3.7, 3.8, 3.8a, and 6.16) in the case of small-angle
shock waves and the case of general angles of shock waves
await further investigation.
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A Solution for the Nonequilibrium Flat-Plate Boundary Layer

WiLriam J. Rag*
Cornell Aeronautical Laboratory Inc., Buffalo, N. Y.

An analytic solution is presented for the boundary-layer flow of a dissociating diatomic gas
over a flat plate. Chemical reaction is assumed to be produced solely by viscous heating within
the boundary layer. Near the leading edge, where the gas is far from equilibrium, the domi-
nantchemical process is dissociation, whereas the inverse process of recombination is negligible.
The dissociation reaction takes place within a rather narrow region centered on the maximum
of the frozen temperature profile. By taking advantage of the exponential temperature de-
pendence of the dissociation rate, simple expressions for the temperature and concentration
are derived. In particular, the initial rate of accumulation of atoms at a noncatalytic surface

. is given by the reaction rate at the maximum frozen temperature, modified to account for

convection and diffusion. The physical interpretation of these results suggests a simple for-
mula for making predictions in cases where more complicated chemistry occurs. This for-
mula aceurately reproduces the results of numerical solutions.

Nomenclature
Ay = O/ u?
c = atom mass fraction
Crp = gpecific heat at constant pressure
D, = binary diffusion coefficient
f(n) = Blasius function
F = function defined by Eq. (36)
F = function defined by Eq. (42)
g,G = functions defined by Eq. (29)
h,H = functions defined by Eq. (29)
hi = perfect-gas enthalpy of 7th species
h:@ = heat of formation of ith species
k = thermal conductivity
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ka = dissociation rate constant
kr = recombination rate constant
K = 4ky/R?
l = pp/(pu)w
Le = Lewis number, Di3pCr/k
mi,e = atomie, molecular weight
P = pressure
Pi(9) = functions defined by Eq. (18)
Pr = Prandtl number, uCr/k
q = heat-transfer rate
Q = dimensionless heat-transfer coefficient, Eq. (14)
rD = forward reaction rate, 4k,p(p/RT)? X
feeq®/(1 — ceq®)I(1 — ¢€)
TR = reverse reaction rate, 4k, p(p/RT)2[c2/(1 + ¢)]
R = universal gas constant
S = temperature dependence of recombination rate con-
stant, k; = krT—°
s(n) = function defined by Eq. (26)
T = temperature
Ty = reference temperature, u.2/Cp
Tp = characteristic dissociation temperature, 2h,%n/R
u = z component of velocity
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o(q) function defined by Eq. (29)

rate of atom production, mass per unit volume, unit
time

coordinates along and normal to the surface

poli V¢ /p

catalytic efficiency, Eq. (7)

dynamic viscosity

kinematie viscosity

dimensionless static enthalpy, 8 + Adic

mixture mass density

characteristic dissociation density

dimensionless temperature, 7'/ T«

boundary-layer coordinates, Eq. (1)

value of 4 at which maximum frozen temperature occurs

dimensionless streamwise coordmate, Eq. (9)

denotes d/dy

denotes freestream conditions

denotes chemical equilibrium that would exist at the
local temperature and pressure

= denotes wall conditions
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Introduction

HEMICAL nonequilibrium oceurs in gas flows when-

ever reaction rates are finite. Significant effects, due
to these finite rates, are encountered in a number of flow
situations of current technical interest, notably in connection
with hypersonic flight at high altitude and in the case of
rocket nozzle flows at relatively low pressures.

In the boundary layers that develop when such flows come
in contact with a wall, the relative magnitudes of the con-
‘vection and reaction rates are changed; their coupling is fur-
ther complicated by diffusion of chemical species. Thus
one may in general expect that the boundary layers associ-
ated with these flows will also exhibit varying degrees of
chemical nonequilibrium.

The problem considered here is the steady flow of a dia-
tomic gas over a flat plate. One is naturally led to this
simple geometry in a first attempt to understand the influ-
ence of chemical reaction in boundary-layer flows. Al-
though it allows a relatively simple analysis, the flat plate
still displays many of the basic features common to the
hypersonic flight situation and to the case of rocket nozzle
flows. In the same spirit, the only chemical process con-
sidered is a dissociation-recombination reaction. Such a
model provides useful results for a wide range of conditions
and can also be used as a basis for developing solutions of more
complicated problems.

In the present case, a hlgh-speed flow of gas, weakly
dissociated, is sub]ected to a distribution of high tempera-
tures as it enters the boundary layer on a flat plate. This
temperature distribution, produced by viscous dissipation,
causes dissociation to occur. As atoms begin to appear,
their distribution through the boundary layer is then modi-

Fig.1 Ratio of dissociation rate to recombination rate.
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fied by diffusion of the two chemical species, and the final
pattern that emerges reflects this interplay of reaction, con-
vection, and diffusion. The present paper presents an ap-
proximate description of this pattern.

Except for minor details, the problem posed is the same
as that treated by Broadwell,> Chung and Anderson,® and
Jarre,* all using integral methods. Broadwell made use of
a linearized reaction-rate law, whereas the latter two authors
employed more complete expressions for the chemical ki-
netics. The Rayleigh-problem counterpart of the present
study has been examined by Chung® and by Moore and Rae,®
using a linearized reaction-rate law.

The present results incorporate a realistic desecription of
the chemical kinetics and are obtained without the use of
integral methods. The analytical approach is based on
the observation that dissociation is the principal reaction
near the leading edge, the reverse process of recombination
being very weak in that region.t Moreover, this dissocia-
tion takes place at the frozen temperature, so that its initial
distribution is known. The exponential temperature de-
pendence of the dissociation rate, coupled with the fact that
the maximum temperature in the flow is small compared to
the characteristic temperature for dissociation, then leads
to simple expressions for the first departure from frozen
conditions. This leading term is sufficient for practical
purposes in a wide range of cases. The development of fur-
ther terms is indicated, and a simple nonlinear formula for
extending the solution downstream is suggested. This
formula agrees well with the numerical results of Chung and
Anderson.3

1. Formulation of the Problem

1.1 Boundary-Layer Equations

A diatomic gas, which may be weakly dissociated, is as-
sumed to flow over a flat plate at sufficiently high speed that
considerable viscous heating occurs within the boundary
layer. The temperatures of the wall and freestream are
taken to be constants, small compared to the temperature
produced by viscous dissipation. The external flow is con-
sidered to be frozen, so that the dissociation level at the edge
of the boundary layer does not change.f The wall may be
either ideally catalytic or noncatalytic. All interaction
effects that might arise from rapid boundary-layer growth
near the leading edge are ignored, and the pressure is taken
to be constant everywhere.

In the usual boundary-layer coordinates,

1= gem o O

the equations for the conservation of momentum, chemical
species, and energy have the form

(lfvm)n + ffnn = zg(fnfné - fEfnn) 2)
(L—elcn> +foy + 2 ot(fes— fie) )

x
£ = fo Pubuthads

Pr U0
(j'p l _p 2E'wi hi 4 B
(CYPw Pr Tﬂ) + CPw fTﬂ 'i—zl2 Pumzpwl/tw éPw +
gt 2 S, = 2 5t (T T @)
pr mm e Crw Pr T 7 n n

+ This approximation was suggested by Walter E. Gibson of
the Aerodynamic Research Department, Cornell Aeronautical
Laboratory, who has employed an analogous approximation in
his studies of inviscid nonequilibrium flows (for example, Ref. 7).
The author is indebted to him for his suggestion and for many
helpful discussions of the present work.

1 Reference 1 discusses the special case in which the external
flow is undissociated, with wall and freestream temperatures
constant and equal.
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where ¢ designates the atom mass fraction, w; is the mass rate
of atom production per unit volume and unit time, h; is the
perfect gas enthalpy, £:(® is the heat of dissociation, and where

l= PIJ’/[(PN)w] fn = [u(Eﬁ?)] [Ue
Cp,; = dh;/dT C_'P = C(Cpl i C’Pz) + CP2
Le = poCP/k Pr = MCYP/]C

where ( ). denotes freestream conditions, ( ). denotes wall
conditions, and ( );,; refers to the atomic and molecular
species, respectively.

1.2 Simplifying Assumptions

A solution of these equations is now sought near the leading
edge, where the gas is far from equilibrium, and the principal
chemical reaction is dissociation. It will be seen that this
approximation to the chemistry is rigorously valid only when
the local atom mass fraction ¢ is everywhere small compared
with the equilibrium atom mass fraction c.q corresponding to
the local temperature and pressure. Because coq never ex-
ceeds unity, this implies that the dissociation level must be
low, in the sense that ¢ € 1. The fact that the gas is weakly
dissociated leads to certain simplifications in the transport
properties which are outlined in the remainder of this section;
in the next section, the approximation to the chemical reac-
tion term is described. _

Because ¢ is small, the mass-averaged specific heat Cp is
approximately that of the molecules. If, in addition, its
temperature dependence is neglected, one has

Cp/Cpw =1 4 0(c)

The neglect of this temperature dependence amounts to the
assumption that the vibrational contribution is constant over
the range of interest. The formulas presented below apply
for fully excited vibration in order to facilitate a later com-
parison with some other work that incorporates this assump-
tion. Next, the Lewis and Prandtl numbers are assumed
constant, and the density-viscosity product is assumed equal
to its wall value, i.e., I = 1. If, finally, one neglects the
difference of perfect gas enthalpies 2, — %, in comparison to

the heat of dissociation 4 and uses the fact that w, = —w,,
the concentration and temperature equations become
Le 28w
Py O T Fen + T ";1 = 2£f'c; &)
1 25m  w uL?
it s S NN S I 28!
Pr Tnn +f n um2pwuwCP o Cr f + Ef TE (6)

where f(n) is the Blasius function:
=0 f0) =f'(0) =0 fl(=) =1

Because a significant number of atoms may reach the wall,
the boundary condition there must allow for the occurrence
of a catalytic surface reaction. If this reaction is assumed
to be first order, a balance between the flux of atoms arriving
at the surface and their rate of disappearance by heterogene-
ous reaction leads to the boundary condition®

1/2
% Pslleo (g—f?); (22)1/2r<§ T“’) €= cdw (D)

M1

where I' is the catalytic efficiency, defined as the ratio of the
number of atoms recombining on the wall to the total num-
ber that reach the wall. Only the limiting cases of a fully
catalytic (I' = «) or a fully noncatalytic wall (I' = 0) are
considered here, so that one will have either (¢,)» = 0 fora
noncatalytic wall or ¢, = 0 for a cold catalytic wall. The
boundary values of the temperature profile are the constant
wall and freestream temperatures.
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1.3 Chemical Reaction Term

The chemical kinetics are taken to follow the reaction?

kd
@&+ Xa=20 + X
kr

where ®;,@®, and X represent the atoms, molecules, and inert
collision partners, respectively. The net mass rate of pro-
duction of atoms w; per unit volume and unit time for this
reaction may be written as

B 2\ Ceq? o c?
wy, = 4k.p (RT) {1 — Cog? (1 c) 1+ c} (8)

The first term inside the braces represents the forward (dis-
sociation) reaction, whereas the second term accounts for the
reverse (recombination) process. The approximation made
here is to neglect the recombination term. Figure 1 shows
the ratio of the forward (dissociation) rate rp to the reverse
(recombination) rate rz, as a function of ¢? and c.,2. The
main point to be noticed is the wide range in which recom-
bination can be neglected, even in the presence of appreci-
able concentrations. For example, when the local tempera-
ture and pressure are such that c.q = 0.9, the ratio of reac-
tion rates will exceed 10, even for local concentrations as
high as 0.5. Of course, the approximation will not be uni-
formly as good as this throughout the whole boundary-layer
profile. Near a cold, noncatalytic wall, for example, the
dissociation rate is essentially zero, whereas an appreciable
rate of recombination may occur. Thus, rigorously speak-
ing, the approximation is valid only in the limit where ¢ is
everywhere vanishingly small compared to ceq. From the
viewpoint of practical application, however, the nonlinear
behavior displayed in Fig. 1 suggests that dissociation will
predominate in many situations, even when ¢ is appreciable.
The present approximation can be expected to describe the
important sections of the reaction profile correctly.

Noting that the recombination rate constant varies in-
versely with some power of the temperature and that p is
constant for this problem, the source term has the form?1°

2%  wy 2t Kp? <T*)s+2 Coq?

ucozpwﬂw 14 1 - ceq2

U2 Puofr T +2

T

1-o0

where Ty is a reference temperature, to be chosen later;
¢ has been retained in this term for the reasons just mentioned,
although, strictly speaking, the theory only applies when ¢
is negligible compared to unity.

The quantity «* = Kp?/Ty*+? can be interpreted as the
reciprocal of a characteristic time for the reaction. It is
convenient to absorb this quantity into the coordinate sys-
tem by the change of variable

§ = Ul putte 9)

The { coordinate measures the ratio of a typical flow time
to the characteristic time for the chemical reaction, i.e.,

= (o/ua)/(1 /")

Thus, { < 1 denotes the range where the reaction is far from
completion, whereas { >> 1 corresponds to the near-equilib-
rium condition.

The final quantity that remains to be specified is the equilib-
rium concentration. For this, the Lighthill gas™ repre-
sentation is chosen. The equilibrium concentration that
would exist at the local temperature and pressure is then

Coa® _ BT _ E)
1= coa  2map eXp{ T (10)

Here p, is the characteristic density for dissociation, assumed
constant, and Tp is the characteristic dissociation tempera-
ture, 2h,Om;/R. With this explicit form, one can absorb
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all remaining effect of the pressure level by introducing the
new streamwise coordinate

2 = (polV/D){

14 Final Form of the Equations

Since viscous heating is the mechanism that produces the
chemical reaction in this problem, it is appropriate to.choose,.
as a reference temperature, some measure of the temperature
rise due to viscous heating. Let T = u2/Cp, 8§ = T/Ts.

Then the final form of the equations to be solved is, using Cp- -

= (9/2)(R/m2),
L 2 2 94 )
P—:‘ Cny + feg + os_ii 04, Hexp{—— 2—01}(1 —¢) = 2zf'c,
(11)
1
ITT Ony + [0, =
—2 2 94 ” ,
g(siz) 9 96XP{— 2—;} 1 —0 — 2+ 20, (12)

where the parameter A4, is defined as A; = M‘®/us? The
boundary conditions are

¢(2,0) = 0 (catalytic wall)
0(z,0) = 0,
0(2,0) = 0., (13)

e(z,®) = Cw

¢4(2,0) = 0 (noncatalytic wall)

Thus, the problem has been reduced to the solution of two
differential equations, (11) and (12) and, apart from the
Lewis and Prandtl numbers, depends only on the parameters
A]_ and S.

1.5 Range of Values of 4,

The parameter 4, is proportional to the ratio of the dissoci-
ation energy to the kinetic energy of the main stream, i.e.,
to the ratio of characteristic temperature for dissociation to
viscous temperature rise. Thus, A, is expected to be large.
Table 1 gives its value for oxygen, nitrogen, and hydro-
gen,

1.6 Heat-Transfer Formulas

It is useful to express the surface heat-transfer in terms of
the dependent variables 8 and ¢. -The heat transfer rate ¢
is given by

oT Oc;
=<k — hi + h© {D —”}
! { oy }y=o te 1’=Zl,2 (s + ) (D oy § y=o

Thus, again neglecting A, — ks compared to A,

_ o [ o 1/2 g—" ,I_lg _ o [ U 1/2
1= e (21},,,3:) Pr+ Pr Aiey 2=0 B\ Sz ¢

where the dimensionless heat-transfer coefficient @ is defined
as ,

Q = {(0,/Pr) + (Le/Pr)Ascy}no (14)

Table 1 Values of 4

mh®, keal/g  pp, g/em®  Tp, °K Ay
11
0,  3.66 150 59,000 1582 X107
{uelcm/sec] }*

11
N,  8.04 130 113,000 36 X107
{us[em/sec] }?

12

H. 512 1.65 52,000 -24x10

{uo[cm/sec] }2
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2. Analysis for the Case of Equal Diffusivities

In this section, the further restriction is made that the
mass, momentum, and thermal diffusivities are all the same.
Thus, the Prandtl and Lewis numbers are assumed equal to
unity.

2.1 Solution for a Catalytic Wall

For the case where the surface is fully catalytic, the caleu-
lation of surface concentration and heat transfer is simplified
by the following standard procedure (see, e.g., Ref. 12).
If Eq. (11) is multiplied by 4; and the result added to Eq.
(12), the reaction term is eliminated, and the result is

Y + fiby = 22", — [ (15)

where ¢ = 6 + A,c. Note that the heat-transfer coefficient,
defined by Eq. (14), is the gradient of this function at the
wall, In general, the boundary conditions on i are not
given; however, in the important limiting case where the
wall is fully catalytic, the surface concentration vanishes,
and so the boundary values of Y are ¥(2,0) = 0y, (2, ) = 6 +
A ¢, and the solution isindependent of z:

¥ =00+ 30" — %) + (Aice + 0o — 0

Thus, for a fully catalytic wall, one has the familiar result
that the heat-transfer rate is unaffected by the ratio of flow
time to reaction time:?

Q = 3 + Aitw + 0 — 0.)f"(0) (16)

2.2 Surface Concentration~—Heat Transfer Relation
for a Noncatalytic Wall

For the case of a noncatalytic wall, where the surface values
of Y are not given, the function ¥ does not solve the problem
directly. However, it may be used to provide a relation be-
tween the surface concentration and heat transfer. This
section gives this expression, and Sec. 2.3 presents the
series solution for the noncatalytic wall.

The specific relation between surface concentration and
heat transfer is found by writing

Vo= 0o+ 5 — )+ 4Dy + [dice + 0o — 0,1
where the function ¢® satisfies

U + 1a® = 2P = 0
YO0 = o) YD) = 0

The solution of this problem can be expressed in terms of
known thermal boundary-layer solutions. By making use
of the expansions

17

W) = D8F YO = 3 SPn?
£E=0 E=0

where, as will be seen below, Sy = ¢, and where

Py + fPy — 2kf'P, =0
Pi0) =1, Pi(x) =0

the heat transfer is found as
QNoneat = f”(O) [% + Alcm + 0::: - aw] +

A1 Y SkP(0)2x  (19)
k=0

(18)

The coefficients P,’(0) have been tabulated, for example,
by Tifford and Chu,'® so that Eq. (19), in principle, relates a
given concentration distribution c.(z) to the corresponding
distribution of the heat-transfer coefficient Q(z). However,
it is much more instructive (and probably adequate for calcu-
lational purposes as well) to invert the series in Eq. (19),
s0 as to display the concentration/heat-transfer relation
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NONCATALYTIC
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Fig. 2 Sketch of surface concentration and heat-transfer
distribution.

explicitly. Using the values Py'(0) = —0.470, P,'(0) =
—0.765, Py'(0) — P;'(0) = —0.164, one finds

Qnoncat - fm

- ] — 0.470c, —
- i 9.,] — 0.470¢

[% + Alcw + 000 -
Se

0.765(ce — ) — 0.164

(e — €)? 4.0 (20)

The leading term of this expression is recognized as the
(constant) value of @ appropriate to a fully catalytic wall.
At the leading edge, where ¢» = co, the heat-transfer coeffi-
cient for the noncatalytic wall is less than that for a catalytic
wall. As one moves away from the leading edge, c., begins
to exceed ¢, (as will be shown in the next section), so that
the heat-transfer coefficient falls even further below the
catalytic-wall value. The same type of behavior has been
noted previously in the Rayleigh analogy® of this problem;
sufficiently near the leading edge, the heat-transfer reduc-
tion achieved by a noncatalytic wall is proportional to the
enthalpy frozen at the surface. Figure 2 is a sketch of the
distributions that may be expected near the leading edge.

2.3 Series Solution for a Noneatalytic Wall

If the temperature and concentration are written as

c(z,m) = coln) + alpz + ...

(21
8(z,m) = Oo(m) + bu(m)z + ...
with boundary conditions
CkI(O) =0 00(00) = Ce Ck(OO) = k = 1,2, e
(22)
0,(0) = 8., fo(e) = o 6x(0) = () =0
E=102 ...

then the equations to be satisfied by the first two terms are,
from (11) and (12),

0" +f00 =
(23)
0’ + f0' = —f"
" ’ ’ 4 eXp{ - 9A1/200}
C1 +f61 *2f01— 9A1T(1_CO)
(24)
4 —94,/2
01” +f01, - 2f’01 = §e_<xp{ 0?+11—‘-/ 00} (1 - Co)
)

The “frozen” (¢ = 0) solutions are

co(n) = Ca Bo(n) = 0w+ 2(F' = ") + (0= — 0.)f" (25)
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This temperature distribution is shown in Fig. 3 for several
values of 0., — 8,.

The solutions for ¢;(n) and 6:(n) can be expressed in terms
of any solution of the homogeneous equation:

s" + fs' — 2f's = 0 (26)

A convenient choice of boundary conditions is s(0) = 1,
s’(0) = 0, which yields, by standard methods

6 _ Gla(e) - G — [0 LD ar - (a1)

() 7
20— gyt — f o) " ar
S Aot = [ ot h;f,)(s({) e
where
¢ = [ g(?f((gd’ H(r) = 4,6(r) ?
29%8"_{_6.?‘31/?20"}( —cw)  h=Ag} (29)
oo = [ j

Numerical values of s(n) and v(y), found by a Runge-
Kutta integration scheme,$ as well as values of f7(y), are
given in Table 2 and are shown in Fig. 4. By using these
functions, the integrals in Fqs. (28) and (29) can be calcu-
lated numerically. However, accurate algebraic approxi-
mations to these integrals can be derived in the following way:
the function g is proportional to the dissociation rate evalu-
ated at the frozen temperature. In many cases, this tem-
perature distribution will exhibit a pronounced maximum
in the region where viscous heating is greatest, being rela-
tively cool elsewhere. For sucu cases, the dissociation rate
is exponentially small in the cool parts of the flow and has a
signifiecant magnitude only in a narrow band centered around
the point 7 = 7%, where 8(n) has its maximum. This be-
havior is shown in Fig. 5 for the case 4; = &2, s = (0,0, =0,
and 0., = 0, 0.05, and 0.10. Because ¢ has this type of vari-
ation, the main contribution to the integrals defining ¢(n)
and 6;(n) must come from the narrow band in which ¢ reaches
its maximum. The quantitative description of this, which
is provided by the Laplace method, leads to asymptotic ex-
pansions of ¢; and 8;. For the case of a cold wall, the details

§ These calculations were programmed for an IBM 704 by
Harvey Selib of the Systems Research Department, Cornell
Aeronautical Laboratory.
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Table 2 The functions s(i), v(), f'(n)

7 s(n) () I"(n) 7 s(n) v(n) F'(n)
0. 1.000000 0. 0.46960 2.9 4.945944 0.61121 0.08064
0.1 1.000157 0.04696 0.46956 3.0 5.365708 0.61149 0.06771
0.2 1.001252 0.09385 0.46931 3.1 5.811736 0.61169 0.05631
0.3 1.004227 0.14051 0.46861 3.2 6.284194 0.61183 0.04637
0.4 1.010021 0.18667 0.46725 3.3 6.783178 0.61193 0.03782
0.5 1.019576 0.23198 0.46503 3.4 7.308724 0.61200 0.03054
0.6 1.033840 0.27599 0.46173 3.5 7.860816 0.61205 0.02442
0.7 1.053762 0.31822 0.45718 3.6 8.439400 0.61208 0.01933
0.8 1.080302 0.35817 0.45119 3.7 9.044389 0.61211 0.01515
0.9 1.114429 0.39539 0.44363 3.8 9.675679 0.61212 0.01176
1.0 1.157121 0.42950 0.43438 3.9 10.333152 0.61213 0.00904
1.1 1.209372 0.46021 0.42337 4.0 11.016685 0.61214 0.00687
1.2 1.272191 0.48736 0.41057 4.1 11.726157 0.61214 0.00518
1.3 1.346600 0.51096 0.39599 4.2 12.461451 0.61215 0.00386
1.4 1.433639 0.53110 0.37969 4.3 13.222460 0.61215 0.00285
1.5 1.534358 0.54799 0.36181 4.4 14.009087 0.61215 0.00208
1.6 1.649818 0.56194 0.34249 4.5 14.821246 0.61215 0.00151
1.7 1.781086 0.57327 0.32195 4.6 15.658863 0.61215 0.00108
1.8 1.929224 0.58236 0.30045 4.7 16.521875 0.61215 0.00077
1.9 2.095288 0.58953 0.27825 4.8 17.410231 0.61215 0.00054
2.0 2.280312 0.59514 0.25567 4.9 18.323887 0.61215 0.00037
2.1 2.485301 0.59946 0.23301 5.0 19.262809 0.61215 0.00026
2.2 2.711216 0.60276 0.21058 5.1 20.226971 0.61215 0.00018
2.3 2.958970 0.60526 0.18867 5.2 21.216352 0.61215 0.00012
2.4 3.229407 0.60712 0.16756 5.3 22.230935 0.61215 0.00008
2.5 3.523301 0.60851 0.14748 5.4 23.270708 0.61215 0.00005
2.6 3.841343 0.60953 0.12861 5.5 24 .335662 0.61215 0.00003
2.7 4.184138 0.61028 0.11112 5.6 25.425791 0.61215 0.00002
2.8 4.552198 0.61082 0.09511 5.7 26.541089 0.61215 .

of this derivation are given in the Appendix, where it is
shown that the surface concentration near the leading edge
may be expressed in terms of the homogeneous reaction rate,
evaluated at the maximum in the frozen temperature:

c,,=c.,,+£<wl> _s(n®) ()

e \ p Jo=atr) [ (n®)] — (] X

(’n' TOZ(‘n*) >1i2 (30)

This formula has a simple physical interpretation: near
the leading edge, one may imagine that atoms are being pro-
duced only at the maximum of the frozen temperature

dc/dt)x=0,n=n* = 'wl/P)0=00('q*) (31)

Their distribution in the z direction is then given by multi-
plying this rate by an effective flow time, proportional to
2/u.. Finally, the rate of increase of surface concentration
is obtained by multiplying this expression by the appropri-
ate factor to account for diffusion to the surface. Equation
(30) may be thought of as supplying estimates for these
factors. Although Eq. (30) has been derived under the as-
sumption that recombination is negligible, nevertheless its
physical interpretation suggests that it might be a useful
approximation for any level of dissociation. Thus, one is
tempted to reinstate the recombination term, using the full
expression, Eq. (8), to calculate wi/p. Thisidea is taken up
again in Sec. 2.4.

The Laplace method may also be used to calculate the con-
centration and temperature at the point 7 = 5*. The de-
tails of this calculation are given in the Appendix, where it
is shown that the initial concentration at = 5* is some-
what greater than that at the surface. Thus the concen-
tration profiles have qualitatively the same appearance as
that found in the Rayleigh analogy® of this problem. This
behavior is sketched in Fig. 6.

The solution just deseribed, which consists only of the lead-
ing terms in a series expansion from the leading edge, is not
without value for practical application. There are many
instances where the physical lengths of interest are such that

the flow is always nearly frozen, so that the leading terms will
suffice. When this is not the case, the leading terms can be
used, in conjunction with the equilibrium solution, to esti-
mate the distance required for the flow to equilibrate. Fur-
thermore, a natural extension of these leading terms is de-
veloped in the next section, in a manner that accounts for
the essential nonlinearity of the problem.

2.4 Extension to Larger Values of Z

Sufficiently far from the leading edge, the temperature
and atom-concentration profiles approach a state of equilib-
rium. When this state has been reached, the boundary values
for the concentration become constant:

6(2)0) = CGQ)W C(Z,OO) = ceq)m
Thus, the solution for the ¢ function is given by Egs. (17)
and (18):
Yea(n) = 0u + %(f’ — " + Asceq)u(1l — 1) +
[Alceq)oo + 00) - Bw] ’

and the equilibrium distributions of concentration and tem-
perature are found by solving the transcendental equation:

oeq(n) -+ Alceq[éeq(ﬂ)] = ¢eq(77)

In order to approach this solution, the series development
of the preceding section would have to be expanded to a
large number of terms. The fact is that even the term of
order 22 is extremely difficult to obtain, since one must ex-
pand the exponential

zexp{—% = zexp _ %4 l—éz—!—

20 26, bo

A fod 0
p200 8

94: 6, 2_|____} (32)
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Fig. 4 The functions s(3) and v(y).

Clearly, the expansion indicated by the last step here will
have a very small radius of convergence, and there appears
to be nothing to be gained by pursuing the development
of further terms. Instead, a simple nonlinear formula for
estimating the solution at any value of z is derived below.

The nonlinear formula is based on the assumption that
Eq. (30), which is rigorously correct only for x — 0, is in
fact that the correct form of the solution at all values of z,
provided only that the maximum of the frozen temperature,
appearing in HEq. (30), be replaced by the maximum of the
local temperature at the station in question:

~ (2 ) ) —
1\ W LORTUE

Tmax(x) 1/2
(52" @

Furthermore, it is assumed that the local maximum tempera-
ture and the local surface concentration bear the same rela-
tion to each other at any value of z as they do near the lead-
ing edge, i.e., replace the leading-edge expressions (see the
Appendix) :

c(z1%) = co + a(n®z + 0" = o + s(n)a(0)z + 0(z?)
ot 8(1%) [cu(2) — ca] + 0(2%)

Il

0(z,0*) = bu(n*) — [o(0*)/v(=)]A1le(z,n*) — ca] + 0(z2)
= Go(n*) — [Aw(n*)/v(e)]s(n*) X
[co(2) — c] 4 0(2?)
by the relations
Omax(2) = Omax(z = 0) — [Aw(n™®)/v(=)]s(n*) Xcu(2) — ca]

c(2,1*) = co + s(n%)[cu(z) — ¢x] (34)
Then, Eq. (33) takes the form

X Cp — Cx
U - Flew — €o) (35)
where

_ - _s(n™) ) — pln¥ [
Flew — ) T () —v(n®]| 7 X
Toax(x=0) — {(41u?/Cp) [p(n*) /v(=)1s(n*) (co — cm):I‘” v

To
() o

where w;/p is to be evaluatéd at the concentration and tem-
perature given by (34). Note that, in this formula, the
complete expression for w:/p, including recombination, has
been used. This reaction rate is a function only of the tem-

Fig. 5 Distribution of dissociation rate, 8, = 0, S = 0,

A1 = ‘2‘92.
/ é

X
Fig. 6 Concentration profiles near the leading edge
(noncatalytic wall).

o® ]

[

perature and concentration at the point n = 5*. Each of
these quantities, in turn, depends only on ¢, and is given by
Eqs. (84). Thus, the usual roles of the dependent and inde-
pendent variables have been interchanged in Eq. (35); one
specifies the surface concentration ¢, and calculates the cor-
responding value of z.

Unfortunately, there are no exact solutions of the basic
partial differential equations which could be used to assess
the accuracy of this formulation. However, Chung and
Anderson® have published some results found by an integral
method, for the case of an adiabatic wall and an undissociated
stream. The formula, analogous to Eq. (35), that applies
for the adiabatic-wall case displays excellent agreement with
the numerical results of Chung and Anderson. The re-
mainder of this section derives this analogous formula, pre-
sents the comparison, and then returns to a discussion of
the agreement that may be anticipated for the cold-wall case.

The boundary conditions appropriate to the adiabatic-
wall case of Chung and Anderson are

G@0) = 6,60 =0 clge) =0 OEw) =0,

@37

Their approximations to the physical model are in all re-
spects identical with those used here, with the exception
that they retain the complete expression, Eq. (8), for the
chemical production term.

In view of the boundary conditions, Eq. (37), their prob-
lem has the exact solution

¥ =0+ Aic = 0, + 30" — ) (38)

Thus, at the wall, the counterpart of Eq. (34) is, with no
approximation,

0, + Ascw, = 0,0z = 0) (39)
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For this case, the leading terms in the expansions of ¢ and
g are readily found to be

_ aln) = f'@)P@x)
w =0 S = [ e
Bo(n) = 6. + 31 ~ D bu(n) = —Aies(n)

where

(7 p@®)s()de _ 4 exp{—94,/26,}
P(r) = .ﬁ) I0) P =94 B+

In this case, the dissociation rate is large at the wall and de-
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Fig. 7 Nonlinear extrapolation formula compared with
momentum-integral method for an adiabatic wall.
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creases rapidly as one moves away from the wall. Thus the
Laplace method may again be used to estimate the surface
concentration, which is found to be

_ oz (w (=) [ T00)7T"
= um(p>n=z=o TROXE [’r T, ] (40)

The revision of this formula, analogous to that suggested
in the cold-wall case, is to write

T/ U = Co/F(Cuw) (41)

where

oy v(=) <7ﬂ
J(CW) [f”(o)]2 §:§Z+(1/2)—Aww -

= —— 1/2
Tmax(x 0) AIT* Cw:I (42)

T»

P
|7
.

This formula has been applied to the numerical cases pre-
sented by Chung and Anderson; the comparison, shown in
Fig. 7, indicates that Eq. (41) agrees within 5% of the mo-
mentum integral result, at least for this special case. The
calculations, of course, used the complete expression for the
chemical reaction, including recombination, and Chung
and Anderson’s values were used for all the basic parameters.

It should be noted that the retention of the recombination
term, in arriving at Eq. (41), insures that the solution will
have the proper behavior for large values of z: as the con-
centration increases toward its equilibrium value, the factor
w1/ p approaches zero, and thus z tends to infinity. Conse-
quently, the nonlinear extrapolation formula that is derived
incorporates the correct behavior at both small and large
values of z, and it is hardly surprising that it accurately
describes the variation of a smooth, monotonic function be-
tween these two limits. From the point of view of general
application, it would appear that such an approach will be
useful in many problems, provided that the leading terms
of the series for one limit can be revised in such a way as to
contain the proper behavior at the other limit. Indeed,
Inger'4™ has successfully adapted this idea to problems
dealing with the chemically frozen flow over a surface of var-
iable catalycity and with the nonequilibrium stagnation-
point boundary layer. In both cases, the formulas developed
by Inger display remarkable agreement with exact solutions.

Returning to the nonlinear extrapolation formula sug-
gested for the cold-wall case, Eq. (35), it is well to note the
limitations suggested by these general considerations. In
particular, Eq. (35) does not correctly predict the surface
concentration far downstream. The results of the Rayleigh
problem treated in Ref. 6 indicate that the surface concen-
tration on a cold, noncatalytic wall is not monotonic. Rather,
it rises to a maximum value and then decays to zero. This
is attributed to the fact that atoms, which are produced
near the middle of the boundary layer and diffuse to the wall
continue to accumulate until their concentration is sufficient
to make recombination an important process, and the final
equilibrium occurs in a thin sublayer of the type described
by Hirschfelder.” However, Eq. (35) predicts a nonzero
value of the wall concentration at £ = c.

Furthermore, the relation between concentration and
temperature given in Eq. (84), namely,

0(z,1™) = Ouax(z = 0) — [v(n*)/v(*)]A1le(2,n*) — cw]
does not, in general, satisfy the equilibrium condition

Oea(n®) + AiCeq[fea(n™)] = Yea(n™

Thus, although the approach used to derive Eq. (85) could
also be used to derive a similar formula for ¢(9*) [Eq. (34)
gives the necessary relations], the result would not agree with
the correct equilibrium solution. This deficiency was not
present in the adiabatic-wall case of Fig. 7, since the con-
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centration-temperature relation used there, Eq. (38), does
hold at equilibrium.

In general, then, the nonlinear extrapolatlon formula
recommended for the cold, noncatalytic-wall case will serve
to extend the leading-edge result downstream but will not
be valid all the way to equilibrium. The exact location at
which it ceases to be a useful approximation remains to be
determined by comparison with exact solutions.

3. Concluding Remarks

The preceding analysis has led to a simple solution for the
atom concentration in, and heat transfer from, a diatomic gas
that is being dissociated by the heat of viscous dissipation in
the boundary layer of a flat plate. The solution incorporates
a realistic model for the chemical kinetics and applies for
constant values of the wall temperature and catalycity, con-
stant pressure, and constant values of the freestream tem-
perature and atom concentration. The transport properties
are approximated by assuming that the density-viscosity
product is everywhere equal to its wall value, that the Lewis
and Prandtl numbers are unity, and that the specific heat is
constant. The solution deals only with the limiting cases
of zero and infinite catalycity and consists of the first two
terms in a series expansion from the leading edge. These
terms may be used for practical application in cases where
departures from frozen conditions are not too great. When
they are too great, the same terms can be used in conjunction
with the equilibrium solution to calculate the distance re-
quired for equilibrium to be achieved.

A natural extension of the leading-edge results, which
accounts for the essential nonlinearity of the problem, is
presented. The predictions of this formula display remark-
able agreement with numerical solutions for the case of an
adiabatic, noncatalytic wall. The success of this formula is
apparently a consequence of the fact that it incorporates
the proper behavior at both limits, near the leading edge and
far downstream, and of the fact that the true solution varies
monotonically between these limits. The analogous solu-
tion for the cold, noncatalytic wall does not have the proper
behavior far downstream, and the upper bound to its range
of usefulness remains to be determined by exact solutions.

Appendix

Because the dissociation rate has such a pronounced maxi-
mum near the leading edge, the integrals defining ¢,() and
6:(n), Egs. (27) and (28), may be approximated by the
Laplace method. The quantitative description of this
method states that (see, e.g., Ref. 16, p. 85), if in the integral

J= f., * u(t) exp| —Buw(®) }dt (A1)

u(t) is bounded over the interval from a to b and there exists
a point { = « in this interval, at which w’(e) = 0, w"(a) > 0,
then, for B > 1, the integral is asymptotic to

J ~ exp{—Buw(a)} l:u(a) <§5%>m + 0(8“3’2)] (A2)

If @ is equal to either a or b, the value of J given in Eq. (A2)
is reduced by . Asymptotic expressions for ¢;(n) and 8,(%)
can now be found at n = 0 and also at the value of # where
the frozen temperature reaches its maximum. To do so, note
that

1 1
O B0t 5(f — D) + (0. — 0f
<1_ ) _ Ba =2+ 6. — 81"
)~ 8o+ 3 ~ D+ (B — QT

Thus, (1/8,)' = 0 at the point where f’ = 3 + 6, — 8,; the

Il
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location of this point varies from %* = 1.0918 when 6, —
0., = 0 to 5* *oowhenﬁ — 6, =1%. Thus 8, — 8, must
be less than £ in order for the Laplace method to apply for
the evaluation of Egs. (27) and (28). At 5 = 5%,

(1/00) =g = {f"(n*)/0o(n*) }?
00(7]*> = % + Bm - %(em - 0w) + %(000 - ow)2

In evaluating ¢,(0), note that the integrands of G(7) and the
third term of Eq. (27) differ only by the factor »(f); thus,
the Laplace method gives

(0) ~ G()[p(=) — v(1%)]

where
. i © s(f) exp[—941/260(1)]
@) = 94 — Cx) f I 20) [6o(8) dt

~ =y S0 expl=94,/0(n")]
94, bl (™) [0o(7%) ]+

2r [ G(n®) T 1\
o4, 2[f”(n*)]} +0<Al> (43)

Recalling that 26/94, = T/Tp, this may be arranged as

5(n*)  2(1 — ca) exp[—941/200(7%)]
[F'(M 94, (Bo(n*) Js+1

[~ .9 oo |

The factor 86o(n™*) is replaced by unity in the formulas below,
because 0., and 6, must be small compared to ¢ in order for
a pronounced maximum to occur.

Using these results, the early rate of accumulation of atoms
at a noncatalytic surface is given by

eu(2) = ¢o + a1(0)z + ..

_s(n®)
ORIk

G(®) ~

(=) — v(9*)] *(1 Cw) X

exp [—94,/20(n")] [ To(n®) T2
[Bo(n ) 1] [’r TD]

But from Eqs. (8) and (9), and the definition of z given in
Sec. 1.3,

2 | exp[—94,/20(n%)] xwl)
04 L T T T S p fyee AP

if recombination can be neglected. Thus the surface con-
centration near the leading edge may be expressed in terms
of the homogeneous reaction rate, evaluated at the maximum
in the frozen temperature

=~ Co + T

X

_ 2z (w S ey =
cw—cm-i—um(p)a o T 802) = o]
3 1/2
|:7r T—";’l’) )] (A6)

It is of interest to calculate the concentration and tempera-
ture at the point n = n* The asymptotlc expressions for
the integrals are then multiplied by 3; for example, G(n*)

~3G( ), so that
a(n®)/s(n*) ~ G )p(w) — 3G(=)o(g*) —
(MG (@) ~ (@) (o) — v(g*)]

Thus, the concentration at =
that at the wall

n* grows more quickly than

a(n®)/cale) ~ s(n*) > 1
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Note that

¢(0) = ¢co + a(0)z + ..

ez ™ = co + a2z + ... = o + s(Na(0)z + . ..
Co + s(n*)[c(2,0) — ca] + ...

Finally, the initial departure from the frozen temperature
maximum is given by
01(n*)
s(n*)

I

v(n*)
()
[H(w)p() — H()o(n®)]

~ H(n*w(n*) — - v(n

~ —H()v(n*) X

[1 - ’%’g] ~ = 4G (n¥) [1 -~ z%-;] (A7)

Thus, as noted in Sec. 2.4, the frozen temperature maximum
and the surface concentration are related by

6(z,n*) = O(n*) + (n®z 4+ ...

[}

_ (1) o
fon™) — A (=) 5 X

[v(w) — v(n*)]S(n*)z + .

= fun®) — E" ; s(rt)a0)z + .
= Bo(n®) — A”E” i s (cw — €) + . . .
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